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M. ADIL YUKSELEN
Faculty of Aeronautics and Aerospace, Istanbul Technical University, Maslak, 80626 istanbul, Turkey

SUMMARY

In this paper the superposition technique for a potential flow around an aerofoil is investigated in the complex
plane. The control of the circulation around the aerofoil by satisfying the Kutta condition at the flow field points is
described.
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1. INTRODUCTION

Potential flow calculations are an important part of a potential flow/boundary layer coupling method
for an aerofoil.'? These calculations are repeated together with the boundary layer calculations until a
convergence is obtained. If a complete analysis or design problem is considered at several angles of
attack, the numbers of iterations and potential flow calculations may amount to several hundred.
Therefore the speed and accuracy of a coupling method depend on the speed and accuracy of the
potential flow calculation method used.

The incompressible potential flow around an aerofoil is usually calculated either by a conformal
mapping method or by a panel method. The panel methods try to solve some integral forms instead of
the governing Laplace equation. For this purpose the integral equation is converted to a system of
linear equations by dividing the aerofoil surface into small panels. The coefficient matrix of the
resulting system of equations depends only on the aerofoil geometry, while the right-hand side depends
on the free flow conditions.>*

A panel method can be applied directly at any angle of attack for an aerofoil. However, a
superposition technique is useful if several angles of attack are considered. With this technique, first
the solutions for the non-circulating flows around the aerofoil in the uniform flows parallel and vertical
to the chord and secondly the solution for the flow around the same aerofoil in a circulating free flow
are obtained. Then the complete solutions at different angles of attack are obtained easily by
superposing these simple flow solutions. Furthermore, the simple flows are solved simultaneously,
since their coefficient matrices are the same. In conclusion, the superposition technique saves on
computing time compared with a direct solution.

This classicial superposition technique is not only important when different angles of attack are
considered, but may also be advantageous for some coupling techniques using a panel method for
potential flow calculations. If the coupling method does not change the aerofoil geometry for
calculating the equivalent inviscid flow (e.g. by representing the boundary layer with a suction or
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blowing on the aerofoil surface), the coefficient matrix does not change during all the iteration steps.
Thus the calculation of the inverse of this matrix once at the very beginning of the coupling procedure
is sufficient. This also saves on computing time. However, this easy procedure is possible only if a
superposition technique is used, since the circulation around the aerofoil is changed at each step of the
iteration depending on the boundary layer calculation results.

Although the superposition technique in panel methods is used in some computer codes, the detail
of the technique seldom appears in the literature. Therefore in this paper the logic and a formulation of
a superposition technique are given. The control of the circulation around an aerofoil by applying the
Kutta condition at the flow field points (not on the aerofoil surface) is described. The complex plane is
preferred because of the ease of formulation. For this purpose a panel method developed in the
complex plane by Yiikselen® is taken as the basic panel method.

BASIC PANEL METHOD

The complex conjugate velocity at any point z of the flow field around an aerofoil in the complex plane
(Figure 1) can be written as

1 V¥ (zo)*(2o)
* — w¥* R _——
w (z)—woo+2n£‘ Ti-12 dz,, M
where
Weo = Voo™ = Vg cosa + iV sina, ()
H(zo) = €%, ©)
W(zo) = 0(20) + iy(z0). C))

Here ¥, and « are the free flow velocity and the angle of attack respectively, z, represents the aerofoil
surface points, J is the slope angle at these points, o and y are the source and vortex strengths at the
surface points respectively and a superscript asterisk indicates the conjugate of any complex variable.®

Analytical calculation of the integral in equation (1) is nearly impossible, since the analytical
representation of the surface shapes of the aerofoils and the singularity distributions is usually not
possible. Therefore in any panel method the aerofoil surface is divided into small panels (Figure 2).
The integrals at each panel are calculated separately by making appropriate assumptions on the panel

Figure 1. Flow field in complex plane
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Figure 2. Surface panels

geometry and the singularity distributions. Thus the complex velocity at point z is written in terms of
some complex coefficients C;; and unknown complex singularity strengths v; as

N
wz) = we, + 3 Cfv, ®)
J=

where N is the number of panels. The coefficients C;; are dependent on the co-ordinates of end points
and the control point of each panel, the panel geometry and the singularity distribution at each panel.
The coefficients for linear singularity distribution along straight line panels are given in Reference 5.

In a co-ordinate system based on the tangential and normal directions of the aerofoil surface at any
}; control point, equation (5) can be written as

N .
WTN‘- = VTi + iVN._ = th,* + z; C;v], (6)
j=

where (-3,-]‘- = tf C} and ¥V, and V), are the tangential and normal velocity components respectively. If
there is a suction (or blowing) on the aerofoil surface representing the boundary layer, the surface
boundary condition at each control point gives the system of equations

f; Im{C}(0; + iy)} = Uy, — In{weot?} (i =1,2,...,N), 0
j=1

where Uy, is the suction velocity. If there is no suction (solid boundary condition), Uy = 0.

The number of unknowns in the system of equations (7) is twice the number of equations. Therefore
additional assumptions are necessary to close the system. An effective approximation is to take a
parabolic trapezoidal vortex distribution (linear on each panel but parabolic along the aerofoil surface;
Figure 3). Thus the vortex strength at the control point of any panel is

V= GjYes (3

where the coefficients of the parabolic distribution, d; are defined in terms of the distance s on the
aerofoil surface® as

4y =05 - D+ 510G — D, §=g/sr. ©)
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Figure 3. Parabolic tranezoidal vortex distribution

Equations (6) and (7) then become

N _ N
Wiy, = Wool? + 32 G + (Z ic.-;*d,-)vc, (10)
j=1 j=1
N _ N
;; Im{C}}o; + Im j; iCYd; 1y, = Uy, —Im{wt¥} (i=1,2,...,N). (1)

There is still an extra unknown in the system of equations (11). An additional equation is obtained
from the well-known Kutta condition. As a simple application of this condition for the cases not
containing any suction on the surface, the tangential velocities at the control points of two
neighbouring panels of the trailing edge are assumed equal, i.e.

Vr, =", (12)

where the negative sign is due to the integral direction on the aerofoil.

For the potential flow/boundary layer coupling techniques representing the boundary layer with a
suction, the application of the Kutta condition is sometimes preferred at the points occurring in the
flow field (on the displacement surface, for example).

SUPERPOSITION TECNIQUE

Since the Laplace equation is linear, simple flow solutions can be superposed to obtain more
complicated potential flow fields. This means a summation of the complex potential functions of
simple flows in the complex plane to obtain the solution for a more complex flow:

A= +/2@+@+---. (13)

Taking the derivative and then the conjugate of this last equation, a similar relation is obtained for the
complex velocities:

w(@) = W) + W) + W) + - - . (14)
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On the other hand, recalling equation (2) for the free flow velocity, equation (10) can be written as

N N
win, = Voo Cosa tf +iV sina £* + Z Clo; + (Z ié}j‘-‘dj)yc. (15)

j=1 Jj=1

The third term on the right-hand side of this equation depends only on the aerofoil geometry and the
source strengths, while the other terms depend on the free flow conditions and the circulation around
the aerofoil (i.e. vortex strength). Thus it is very convenient to write the complex velocity as the
summation of some simple flows as follows:

Wiy, = wh +w® W@ 4 (16)
where
D _ S g (D
w;’ =Y C¥a;’ + Vo cosat¥, (17a)
Jj=1
@ _ e D iy
w =Y Co” +iV sinaty, (17b)
p=
N N
w® = > Cpof + (,Zl iC:;d,-)vc- (17¢)
j= =

The first two equations represent the non-circulating flows around the aerofoil in a uniform parallel
flow, with a velocity ¥ cosa parallel to the chord and a velocity ¥ sina vertical to the chord
respectively. The third equation is for the circulating flow of strength y, (Figure 4).

.
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Figure 4. Superposition of simple flows
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These equations can be made independent of the free flow conditions and the circulation by dividing
the two sides by related values:

o_ W _ ¥
W) = =Y C*3;’ +1t¥, 18a
! Voo COS ,g, yoj T (182)
(2) N
S Wi RO
w; =7 sma ]Z: C,-’;aj +itF, (18b)
3 (3) LA =
W = =3 G & + Z iCyd; ). (18¢)
C = =1
Here the source strengths are also non-dimensional:
(1) ’ (2) (3)
g; g; g;
3 =———, P =—L—, ) =L (19)
Vcosa Voo sina’ Ye

Applying the surface boundary condition for each of the simple flows, the following system of
equations is obtained:

zlm{ 16 = —Im{#} + Uy, (=1,2,...,N), (202)
N
Y. Im(C6? = ~Imfitf) (=1,2,....N), (200)
Jj=1
N
Elm{ “’:—Im[):iC;dj] (i=1,2,...,N). (20c)
Jj=1

The most important feature of these equations is of course their complete independence of the free flow
conditions. Furthermore, this system of equations can be solved simultaneously by calculating the
inverse of only one of the influence coefficient matrices, since the coefficient matrix of each system is
the same.

The tangential velocities for the simple flows and the superposed flow are then

(1)

=7 cosa‘}: Re(C3150" + Re(?), (212)

) V(Z) N -

P = Vmsine = 5 RACHE” + Reli?) 210

o _ Vo _ & ) BT

#) = = 3 el + Rel 3 iTpd . @1e)
Ye J=1 =

Vi, = V( Voo coso:+V( Veo sma+V( Ye- 22)
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However, for the last equation we need a value for y,. The value of y, is calculated by applying the
Kutta condition. If the tangential velocities at the control points of neighbouring panels of the trailing
edge are made equal, this value is

O+ Wcosa + O+ P)Vey i
[ =3 =3 .
V1('|)+ Vé‘)v)

23)

GENERAL APPLICATION OF THE KUTTA CONDITION

The application of the Kutta condition by equating the tangential velocity component on neighbouring
panel control points of the trailing edge, as seen in the previous sections, is easy if there is no suction
or blowing on the aerofoil surface. For the suction case, if the Kutta condition is applied at the flow
field points (e.g. at the displacement surface points), a special investigation is necessary, since the
directions of the flow at these points are not known.

Taking Z; and Z; as the Kutta condition control points at the upper and lower surfaces of the
aerofoil, W; and W, are the complex velocities and gy, and g; are the resulting velocities at these
points respectively (Figure 5). The Kutta condition is then

qu=4qL (24)

or, since g = |w| = /(ww*),
Jwuws) = /(w wh). 25)

The equality is correct also for the squares of the two sides of this relation.

On the other hand, recalling the superposition technique described in the previous section, the
complex velocity at any point of the flow field can be written as a superposition of some simple flows
as follows:

w =w"V, cosa+ wdV, sina + WPy, (26)
or
w=w+ Iy, 27
where
w=w"V_ cosa + WDV sina. (28)

The square of the velocity is then

¢ = ww* = 7 + 2Re(WHV) Iy + @D)92. @9)

—P
z, L

Figure 5. Kutta condition control points
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Applying the Kutta condition under these conditions, the following second—degfee equation is
obtained:

Ayt + 2By + C =0. (30)
The positive root of this equation is
e = [-B+ /(B> — 4C))/4, (31a)
where
A=@GMm - @) (31b)
B = Re{wy(#{)*} — Re{w, (W)*}, (31¢)
C =G’ - @)’ (31d)

and g and g are the speeds in the simple flows.

RESULTS AND CONCLUSIONS

The formulation proposed above for the superposition technique was tested on several Karman—Trefftz
and Joukowsky aerofoils.® Examples are given in Figure 6 and 7 respectively for a symmetrical
Joukowsky aerofoil with a thickness ratio of 0-10 and for a 5% cambered Karman—Trefftz aerofoil with
a thickness ratio of 0-15. The results for an angle of attack of 4° coincide quite well with the analytical
results.

Another example, for an NACA 4412 aerofoil at 4° angle of attack, is given in Figure 8, as
compared with the direct application of the complex panel method. Numerical results of the two
applications are exactly the same.

The technique for the application of the Kutta condition at the fiow field points was also tested on an
NACA 0012 symmetrical aerofoil at 4° angle of attack. For this application the superposition
technique for the complex panel method is coupled with a boundary layer code based on the Cebeci—
Smith method.” In Figure 9 the results obtained by the potential flow calculation and the
viscous/inviscid coupling method after 24 iterations are given.
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Figure 6. Application of superposition technique on a Joukowsky aerofoil
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2.0
Karman-Treffiz Airfoil
1-Cp
. s o0 -4 .g__,g\ﬂ
. — e
2 . U@ L
Y
-
Q.
a=4° <
n
- Ry
o)
5 AN T ey 4y,
o TN

@ Analytical solution
0000 Superposition

@.‘a@llr_rllﬂ_rl 1 1 1 1 1T 1'%

T T
Q.00 0,50 X/C 1.2a

Figure 7. Application of superposition technique on a Karman-Trefftz aerofoil
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Figure 8. Application of superposition technique on an NACA 4412 acerofoil
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Figure 9. Application of superposition technique in a coupling method
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All these example applications show that the formulation given for the superposition technique
works correctly and effectively.
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